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Abstract

In this work, using the g-Jackson integral and some elements of the ¢-
harmonic analysis associated with zero order g-Bessel operator, for a fixed
q €]0, 1[, we study the ¢ analogue of the continuous Gabor transform asso-
ciated with the ¢-Bessel operator of order zero. We give some ¢-harmonic
analysis properties (a Plancherel formula, an Lg(Rq7+,xdqx) inversion for-
mula, etc), and a weak uncertainty principle for it. Then, we show that
the portion of the g-Bessel Gabor transform lying outside some set of finite
measure cannot be arbitrarily too small. Finally, using the kernel reproduc-
ing theory, given by Saitoh [13], we give the ¢ analogue of the practical real
inversion formula for g-Bessel Gabor transform.

Mathematics Subject Classification: 33D15, 42C15 (main), 44A15, 33C
Key Words and Phrases: g-Gabor transform, practical real inversion
formula, kernel reproducing, uncertainty principles

1. Introduction

Time-Frequency analysis plays a central role in signal analysis. Since
years ago, it has been recognized that the global Fourier transform of a long
time signal has a little practical value to analyze the frequency spectrum
of a signal. That is why, the Gabor method is preferred to the classical
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Fourier method, whenever the time dependence of the analyzed signal is of
the same importance as its frequency dependence.

However, there exist strict limits to the maximal Time-Frequency res-
olution of this transform, similar to Heisenberg’s uncertainty principles in
the Fourier analysis.

In fact, Gabor [4] was the first to introduce the Gabor transform, in
which he uses translations and modulations of a single Gaussian to represent
one dimensional signal. Other names for this transform used in literature,
are: short time Fourier transform, Weyl-Heisenberg transform, windowed
Fourier transform (cf. Grochening [6] for more details).

In the present paper we show the g-analogue of the continuous Gabor
transform associated with the g-Bessel operator of order zero, giving a def-
inition and some g¢-analysis properties for it. We discuss some uncertainty
principles, which basically claim that the support of this transform of a
function cannot be too small, and we conclude by some applications.

The paper is organized as follows. In §2, we recall the main results about
the harmonic analysis related to the third basic zero order Bessel function.
In §3, we introduce the g-analogue of the continuous Gabor transform asso-
ciated with the ¢-Bessel operator and give some g-harmonic properties for
it (Plancherel formula, L2 inverse formula, weak uncertainty for it). §4 is
devoted to some applications. More precisely, using the kernel reproducing
theory given by Saitoh [13] we study the problems of approximative con-
centration, practical real inversion formulas and extremal function for the
g-Bessel Gabor transform.

2. Preliminaries

Throughout this paper, we fix ¢ €]0, 1[. In this section we provide some
notations and results used in the g-theory. We refer to the book by Gasper
and Rahman [5], for the definitions, notations and properties of the g-shifted
factorials and the g-hypergeometric functions.

2.1. Notations.

For a € C, the g¢-shifted factorials are defined by

n—1 00
(@;i@)o=1; (a:0)n = [[(1 = ad®), n=1, 2,..5 (a;¢@)ec = [ (1 — ag").
k=0 k=0

(2.1)
We also denote

(ala a, "7ap : q)n - (CLl; Q)N(GQ; q)n(ap7 Q)’na n = 07 17 .., OO, (22)
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1—4¢"

[x], = 1_q,a:€(C (2.3)
and (@)

q;q)n
nl,! = , nelN. 2.4
[ ]q (1 _ Q)n ( )

Ryy ={¢" : nez}, Ry =Ry U{0} and Ry ={£¢" : nez}.
(2.5)
The ¢g-Jakson integrals from 0 to a and from 0 to oo are defined by
[ H@dy = (1= 90y flaga (26)
0 n=0

/f )dgr = (1 —q) Z f(q (2.7)
0

n=—oo

provided the sums converge absolutely.
The g-Jakson 1ntegral in a generlc interval [a, b] is given by (cf. [7])

/f dx_/f dm—/f (2.8)

The g-derivatives D, f and Dq+ f of a function f are given by

o — @) = flgx) + flg'e) = f(2) o
(Dyf)( )—7(1_61)30 , (Dy f)(x) = = fz#0, (29)

(Dgf)(0) = f'(0) and (DF f)(0) = ¢~ f'(0) provided f’(0) exists.

Using these two g-derivatives, we put

(1—¢q)?

Ay = D,[zD}]. (2.10)

q
2.2. The g-Bessel function
n [10], Koornwinder and Swarttouw, in order to study a g-analogue of
the Hankel transform and to give its inversion formula and a Plancherel for-
mula, defined the third Jackson’s ¢-Bessel function using the ¢-hypergeometric
function 1¢1, as follows

Jalz;4%) = 1q%, q%77). (2.11)
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It follows that for all A\ € C, the function x +— Jo(Ax;¢?) is the solution of

the g-problem 2
Aqu(z) = =X u(z),
{ u(0) =1, «'(0) =0. (2.12)

We denote by
o S.y(Ry) the space of all functions f on R, 4 such that for all m, n € N :

sup |x2mAZf(1:)| < o0, and (D;(Agf)(aj)) —0asz | 0in Ry 4.
Z‘Gqu,

e D,,(R,) the space of all functions f on R, 1 with bounded support such
that for all n € N, we have (D] (A7(f))(z)) —0asx | 0in Ry .
o Cyy0(Ry) the space of all functions f on ]liqﬁr for which f(z) — 0 as
x —o00in Ry 4 and f(z) — f(0) as z | 0in Ry 4.
Using the g-Jackson integrals, we note that for p > 0:
o0

o LhRysadyt) = {1 1l = [ 150t < 0.}
0

o LRy 2dgw) = {  |f ey = sup [f(2)] < oc.}.

CEERq’_F
The following lemma shows some properties for the third Jackson’s
g—Bessel function of order zero.

LEMMA 2.1. For x € Ry 4, we have
i) | Jo(w;¢?)| <1
ii) 2 — Jo(Az; ¢%) € Siq(Ry), for all X € R, .
In the following subsections we collect some notations and results on
the g-generalized translation, g-Bessel Fourier transform and g-generalized
convolution product (cf. [2,3]).

2.3. The g-generalized translation
Let f be a function defined on R, +, the g—generalized translation of f
is given by

o0

Toe(W) = Y K(x,y,d")f(d"), =, yeRyy, (2.13)

k=—o00

provided the sum absolutely converges and

Tq,O(f) = f7 (214)
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where
K(@™,q",¢") = [Jm-ir(@ % ¢*)]%, form,n, ke Z. (2.15)
The g-generalized translation is positive and verifies the following properties:

Tq,:p(f)(y) = Tq,y(f)(ﬂf)a T, Y€ IRq,Jr' (216)
For f € L}I(Rq,Jr,mdqx), we have

(e 9]

/ Ta.(f)(Y)ydgy =

0

fWydgy, =€ Ry 4. (2.17)

For f,g € Lé(Rq#,wdqx), we have

o0

/ 7.2 (F)(W)9(y)ydey =

0

FW)710.:(9)(W)ydey, € Ry . (2.18)

Towdo(5 ) (Y) = Jo(z;:6°) Jo(y; 6°), @, y, € Ry 1. (2.19)
2.4. The ¢-Bessel Fourier transform

For f € Lé(Rq7+, zdgx), we define the g-Bessel Fourier transform by:

o0

/f Vo(\w; ¢*)zdyz, A ERq+ (2.20)
0

RN = 1=

This transform satisfies the following properties:
i) For f € Ly(Rq 4, zdyz),

1Fg(Nlloc.q = 77 ||f||1,q (2.21)
ii) For f € Lé(Rq7+,xdqx) we have

Fo(rgzf)N) = JO(/\$§Q2)-7:q(f)()‘)7 z, A€ @qﬂ-- (2.22)

iii) If f, D f, Agf € LY(Rq 4, 2zdgx) and 2D f(z) — 0 as | 0 in
Ry +, then
Fo(Bgf)N) = =N Fo(f)(N): X € Ry (2.23)
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THEOREM 2.1. For all fin L} (R, y,xdyx), we have

1 /}_ NJo(Ax; )AdgN, © € Ry, (2.24)

THEOREM 2.2. i) Plancherel formula for Fy:

a) Fy Is an isomorphism from S, 4(R,) onto itself and F ;! = F,.
b) For all fin S.4(R,), we have

1Fa (N2 = 1 £1l2,- (2.25)

ii) Plancherel theorem for F:
The g-Bessel Fourier transform f — JF, can be uniquely extended to an
isometric isomorphism on Lg(Rq,Jr, xdyx).

2.5. The g-convolution product

We define the g-convolution product for two suitable functions f and g
by

fxpg(z) = /quf Y)ydqey, € Ry 4. (2.26)

This g-convolution product is commutative, associative and satisfies the
following properties:
1 1 1
i) Let 1 < p, k,r < +00, such that f—}—E—f =1.1f fisin LY(Ry +, xdyx)
D r
and g an element of L’; (Ry,+,xdyx), then fxp g belongs to Ly(R, 4+, zd,x)
and we have

P,q Hng,q (227)

i) Let f be in L} (Ry 1, zdgz) and g in Lq<Rq,+, xdyz).
The g-convolution product of f and g is the function fxpg g of Lg (Ry 4, zdgx)
satisfying

1
Hf*BgHrq = 1

Fo(f =B g) = Fo(f)Fq(9)- (2.28)
Moreover, for f, g in Lg (Ry 4, zdgx), the function f*p g belongs to Lg (Rg +,
xzdgz) if and only if the function Fy(f)F,(g) belongs to Lg(Rq’J,_, xdgr) and
(2.28) holds.
iii) Let f and ¢ be in L? (Rq +,2dgz). Then, we have

If *5 g3, = / FA(DOPIF(9)(€) edt, (2.29)

both members being finite or 1nﬁn1te.
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3. The ¢-Bessel Gabor transform

In this section we show the g-analogue of the continuous Gabor trans-
form associated with the zero order ¢-Bessel operator, and discuss their
properties.

Notation. We denote by X}, p € [1,00] the space of all functions f
defined on R, x R, 4 with respect to the measure dpug(z,y) = xydqxdyy
such that

T //\fwy!duqu) oo, 1<p<os

and

[fllooy = ess sup  |f(z,y)l-
z,yERq +

DEFINITION 3.1. For any function ¢ in Lg(Rq7+,xdqm) and any v in
R4+, we define the modulation of g by v as:

Mq,ug =Yg = ‘7:11( Tq,V(QQ))' (3'1)

REMARK 3.1. For a function g in L2(R, 4, zdgz) we have

19q,0ll2.4 = [1gll2.q- (3.2)
Let us define the family gy, (7) = 74,494, (), for x € Ry 4.

DEFINITION 3.2. Let g be a function in L2(Rg, 1, zdgz). We define the
g-Bessel Gabor transform G¢ for a function f in LZ (Rg 4, xzdgx) by
oo

G100 1= 1 [ )y @edga. yv Ry (33)
0

which can also be written in the form

Ggf(y,v) == [ *B ggu(y)- (3.4)
From the relation (2.27) we have the following proposition:

ProPOSITION 3.1. For functions f, g in Lg(Rq7+, xzdgx), we have

ngfHOO,#q Hf”&qHQHQ,q

=1y
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PROPOSITION 3.2. (Plancherel formula)
Let g be in L2(Ry 4, xdgx). Then, for all f in L2(Ry 4, zdgx), we have

1G5 /112,14 = llgll2.qll Fl2,q- (3.5)

2,9

P r o o f. The relation (2.29), Fubini’s theorem, Theorem 2.2 and the
relation (3.1) give the result. [

REMARK 3.2. Let g € L2(Rq, 4, zdgz)\{0}. From Proposition 3.2 we can

gq is an

see that the normalized ¢-Bessel Gabor transform || ||
gll2,q
isometry from the Hilbert space Lg(RWm xdgz) into the Hilbert space X, q2 .

As in the classical case, the ¢-Bessel Gabor transform preserves the
orthogonality relation, which is shown below.

COROLLARY 3.1. Let g be a function in Lg(Rq,Jr, xzdgx). Then, for all
f, hin Lg(Rq,Jr, xdgx), we have

/ / G2 (4, v)Gah(y, V) dpg (v, v) = 1912, / f@h@adgr.  (3.6)

0 0

THEOREM 3.1. (L2 inversion formula)
Let g be a function in (LZ(]RQNL, zdgr) N LP(Ry 4, xdqx)> \ {0}. Then, for

any function f in L2(Rq +,2dqx), we have

— lim / / GI(Fof ) (y.0) Foragan) () LY 37y

N=too 91124
in Lg (Rg 4, zdgz).

P r o o f. Using the relations (3.4), (3.1), Theorem 2.2 i) and the fact
that

o0
/ raw(l9?)(@)zdyz = |lg|2,,
0

we get,
f= g |1 /fq(gg(qu)(-,V))(.)fq(gq,u)(.)l/dql/, a.e. (3.8)

7q0
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From the Cauchy-Schwarz inequality and Fubini’s theorem, we obtain

/ / GUFof) (0 )\ 0 |92 (@) s, )
0 0

2,q

< 195(Fa Pl llg

Thus, from Fubini’s theorem, the relation (2.22) and Theorem 2.2 i), we
deduce that

X[0,N] ”1»(1 < 0.

N oo
1
fn(z) :Hgg// ff Yy, v (Tqygqu)( )Vyqudqy

2,9

/ Fo (oM GAF) () @) Fol g (@i

7q0

" ol

On the other hand, using the relation (3.8), we get

1f — fnlBg = MEQ O/ | O/ (= X GEFANC ) ) (@)

2
fq(gq,y)(m)udu‘ rdgz.

Applying the Cauchy-Schwarz inequality, Fubini’s theorem and Plancherel
formula for the ¢-Bessel transform we obtain

1 = fll3g < o 1= XD GE(FaH) 3 1,

.= lg qu

Taking this result into consideration and by applying the dominated con-
vergence theorem to it, we find that

1f = fnll2g — 0 as N — oo
This end the proof. [

COROLLARY 3.2. (Coherent states).
Let g be in L} (Rq,+, zdyx)\{0}. Then, G (Lg (Rg,+, xdqx)> is a reproducing
kernel Hilbert space in Xg with kernel function ICy(y,v;y', V') defined by
o0
1

/Tq7y9q7V($)Tq,y’gq,V’(@xdqm

2,q
0
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_l—q

Tgy9a,w *B g (T) (3.9)
l9ll3 4

is pointwise bounded such that:

IKe(y',v50,0)| <15 (Y, V), (y,v) € Ry X Ry . (3.10)

P roof. From the representation of the g-Bessel Gabor transform given
by the relations (3.4), (3.1) and the inversion formula (3.8), we get

) = i / 0/ Fol G () () o) () g

7qO

X Fylggr) (@) Jo(zy; ¢*)zdga.

Thus, Fubini’s theorem and the relation (2.22), Theorem 2.2 i) and the
relation (2.28) give

gqf(y, B // gq V) () F, o(Tqy9qv *B gq,yl)(:z)dyq(yl,x).

7q0

On the other hand, one can easily see that for every y,v,/ € Ry 4, the
function

Y = Tay9aw *B 9gu (Y')
belongs to Lg(Rq,Jr,a:dqx). Therefore, the result follows by applying the

Parseval formula for the g-Bessel Fourier transform. ]
To simplify the notation, we shall indicate |.|; the product measure

dpig(z,y) n Ry X Ry

PROPOSITION 3.3. Let f and g be two functions in L2(Ry 4, xdgx) such
that ||gll,, = 1. Suppose that ||f|[2q = 1. Then, for U C Ry 4 X Ry 4 and
€ > 0 satisfying

/ / G (g, ) Ppgy,v) > 1 — e,
U

we have

Ul > (1—e)(1-q).

P r o o f. Using Proposition 3.1 we obtain

1
Hg f“oo,q = 17
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Hence,
1
1-c < [ [100.0)Pdua(y.v) < 1941 lUls < (=0l
U

Therefore,
(1-e)(1—q)* < Ul
[

PROPOSITION 3.4. Let f be in L2(Rg 1, 2dyx) and g be a function in
L2(Ry 4, vdgx) such that ||g|l,o =1 and p € [2,00[. Then,

/ / G4 :0) < g1 (3.11)

P r o o f. Using Propositions 3.1 and 3.2, the result follows by applying
the Riesz-Thorin interpolation theorem. ]

As a consequence of the inequality (3.11), we deduce that if the
g-Bessel Gabor transform is essentially supported on a set U C Ry + x Ry 1

_1
(example, when G{ f = |U|, ?xv), then |U|, > (1 — )%

4. Applications

4.1. Approximative concentration of Gabor transform in
quantum calculus

In order to prove a concentration result for the g-Bessel Gabor trans-
form, we need the following notations:
Pr Xg — X 3 the orthogonal projection from Xg onto

Gé (LZ(R 0t xdqzv)> )
Py Xg — Xg the orthogonal projection from Xg onto the sub-
space of function supported in M, where M C R, 1 x R, 4 with |[M]|,; < oc.
We put

|PaPally = sup { 1Py PR vl2 0y 0 € X2 [0l =1} (4)

The aim result of this subsection is the following.

THEOREM 4.1. (Concentration of G f in small sets.)
Let g be a function in L?>(R,,zd,z) and M C R,. x R, with
(1—q)y/IMl|q < 1. Then, for all f in L2(Ry,y,zdyx) we have
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H%f—XM%ﬂbwz<1—ﬂ—@MNMM>MhMVh@ (4.2)

P r o of. From the definition of Py; and Pr we have
1G5 — x9g fllzug = 1T = PrrPr)GG fll2,1g-
Thus, using Proposition 3.2 we obtain
1G5 = XG5 fll2.ng = 196 Fll20g (1 = | Par PrI)
> [|9ll2.q/lfll2.4ll (1 = 1 ParPRI)).- (4.3)

As Pg is a projection onto a reproducing kernel Hilbert space, then, from
Saitoh [13], Pr can be represented by

oo o0
.%ﬂ%mz//FWw%M%W%WWNAW
0 0
with K, defined by (3.9). Hence, for F' € X, g arbitrary, we have
oo o0
am%n%w=//&Mmmew%4mwwmewwﬁ
0 0

and its Hilbert-Schmidt norm

o0

I1PaPalins = ([ [ o0 PUCo 0/ 0) Pl . )
0 0

=

By the Cauchy-Schwarz inequality we see that
Py Prllas = || P Prllg- (4.4)

On the other hand, from (3.9), Plancherel’s formula for g-Bessel Fourier
transform and Fubini’s theorem, it is easy to see that

[Py Prllas < (1 —q)y/[Mlg. (4.5)

Thus, from the relations (4.3), (4.4) and (4.5) we obtain the result.
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4.2. Practical real inversion formulas for gg

In this paragraph we give practical real inversion formulas.
Let s € R. We define the space H; (R, +) by

HE (R, ) = { f e LA Ryt xdyr) : (1+ &) 2F,(f) € LA(Ry 1, xdqx)}.

The space HJ (R, ) provided with the inner product

+oo

(f,9)m; = / (1+ E) Fy (1)) Folg) ()€, (4.6)

0
and the norm | f||%. = (f, f)uz, is a Hilbert space.
q

PROPOSITION 4.1. Let g be a function in L*(R, +, xdyx) () L°°(Ry 4, xd,)
and v € Ry 1. The integral transform Gi(.,v), is a bounded linear operator
from H$(Ry ), s in Ry, into L*(Ry 4, zdgx), and we have

1957 ()20 < [l9lloo,ql [ f |25
Proof. Let f bein H;(Ry ). Using Theorem 2.2 we have

G2 ()3, = IF(GLF ()3
Involving the relationships (3.4),(3.1) and (2.25), we can write

+oo
1G22, = / Fa () Praw (4) ©Edt.
0

Therefore
1G2f (o) l2.q < Nglloo,qllfll s

L]
DEFINITION 4.1.  Let g be a function in L?(R, 4, zd,z) (| L (R, +, vd,x).
Let 7 > 0, v € Ry 4+ and s € R;.. We define the Hilbert space Hy* (R, +) as
the subspace of H;(R; +) with the inner product:

<f7 h>HZ;’S = T<f7 h>H§ + <ggf(7 I/), ggh(’ V)>2,Q7 fa h € H;(RCI7+)‘

The norm associated to the inner product is defined by:
£ s = Tl fllF + 1GEF (w13 -

PROPOSITION 4.2. Let g be a function in L*(R, 1, xdgz) () L (R +, xdyx).
For s > 0, the Hilbert space Hy*(R,+) admits the following reproducing
kernel:
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+oo
Jo(x&; %) Jo(yé; q2)€dq€'

1
Brley) =q—p 0/ r(1+€2)" + 74,(9%)(€)

Proof. i)LetybeinR,, from Theorem 2.1 we can prove that there
exists a function  — P,(z,y) belongs to L?(R, +,zd,x) such that we have

1 Jo(yé; ¢%)
F(B ) O = 1 e s
On the other hand we have

VE € Ryt Fo(GUP 1)) (51)) () = 70 (9O Fa (Pr(,9)) (©). (48)

Hence from Theorem 2.2 ii), we obtain

(4.7)

“+oo

93Py = [ sl g®HOIF (Pl ) (€ Pt

0

a6 ) o (06s )
a+ey

C
< €dyé < .

Therefore we conclude that || P-(.,y)||%,~s < oo.

2
HH;
ii) Let f be in Hy®*(R,+) and y in R, 4. Then
<f7 PT('ay»Hg’s =rh +IQ? (49)
where
I = (f, Pr(,y»H; and Ip = <ggf('>V)agg(PT('ay))('>V)>2,Q'

From (4.6) and (4.7), we have
—+o00

_ 1 / (1+ )5 F4(£)(€)Jo(yE; ¢°)Edy€
l-q) r(L+82)° +7a0(9?)(€)

From (4.8),(4.7) and Theorem 2.2 ii) we have
i +/m7q7u(92)(§)fq(f)(§)Jo(y€;qz)édqﬁ_
e ) R ra[G
The relations (4.9) and (2.24) imply that
(s B 9)) e = F(y)-

q

I

I
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4.3. Extremal function for ¢-Gabor transform

In this subsection, we prove for a given function g in L*(R, ¢, zd,z)
L>®(Rg,+,zdqx) that the infinitum of

(P11 + 1 = GEF (1) B £ € Hy(Ry0) }

is attained at some function denoted by f:, n» Which is unique, called the
extremal function. We start it with the following fundamental theorem (cf.

[13]).

THEOREM 4.2. Let Hy be a Hilbert space admitting the reproducing
kernel K,(p,q) on a set E and H a Hilbert space. Let L : Hj, — H be a
bounded linear operator on Hg into H. For r > 0, we introduce the inner
product in Hy, and we call it Hy, as

(f1, 20 b, = r{f1, fo)uy, + (Lf1, Lf2)m.
Then:
i) Hg, is a Hilbert space with the reproducing kernel K, (p,q) on E and
satisfying the equation

Kr('aQ) = (TI—’_ L*L)KT('7Q)7

where L* is the adjoint operator of L : Hix — H.
ii) For any r > 0 and for any h in H, the infinitum

'f{ 2 L—h2}
ng vl 1 + 125 — nly

is attained by a unique function f, in Hy and this extremal function is
given by

frn(p) = (h, LK, (., p)) 1. (4.10)

We can now state the main result of this paragraph.

THEOREM 4.3. Let g be a function in L*(R, 4, zd,x) (| L°(Ry +, zd,T).
Let s > 0. For any h in L*(R, 4, zd,x) and for any r > 0, the infinitum

. 2 2
Jnt {771 + I = GG IR} (4.11)
is attained by a unique function f, given by
+o00o
fin@) = [ b)Q (., (412)
0

where
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/Tau( &)Jo(
Qr(z,y) = Qr,s(:c,y) = ! / Ta. olzt; q (689 )quf

- (1—g)? <1+£2) +Tq,y(g )(f)
(4.13)

P r o o f. By Proposition 4.2 and Theorem 4.2 ii), the infinitum given
by (4.11) is attained by a unique function f,, and from (4.10) the extremal
function f;, is represented by

f:,h(y) - <h7gg(PT('7y))('7V)>27q7 yeR‘L"‘?
where P, is the kernel given by Proposition 4.2. On the other hand we have

Gif(z,v) / \/Tq &)Jo(x&; q ){dqf, forallz € Ry 4.

Hence by (4.8), we obtain

\/ €)Jo(
G (B) o) = oy [ GRS
= Qr(7,y).
This gives (4.13). [

COROLLARY 4.1. Let g be a function in L*(R, +, xd,x) () L*° (R 4, xd,7),
$>0,7,0 >0 and h,hs in L*(R, 4, xd,x) such that

A = hsll2,q < 9.
Then s
1 frn = frngllms < ENG

P roof. From (4.13) and Fubini’s theorem we have

fq(f*h)(g) — V Tq,V(g2)(§)}—q(h)(€> (414)

" r(14&%)° + 740 (9*)(€)

* * VT (92)(€) Fy(h — hs) (€
Falfrn =T ©) = S0 ey 2 )(f)

Using the inequality (z + y)? > 4zy, we obtain

Hence




GABOR TRANSFORM IN QUANTUM CALCULUS... 335

(1+ )| Fofin = £ ©)| < 1 Fa(h = ha) (I
Thus and from Theorem 2.2 ii) we obtain
1 1
* * 2 2 _ 2
1550 = Finallly < - IFaCh = Rs) By = =l — ol
which gives the desired result. ]

COROLLARY 4.2. Let g be a function in L*(R, +, xdqz)(\L*®(Ry 4, xd,T).
Let s >0 and v > 0. If f is in H; (R, y) and h = G f(.,v). Then

”fr*,h_fH%Ig —0 as r—0.

Proof. From (4.4), we have

Vo (§) O Fo () (€
1+ €) + 7 (92)(5)

Fo(frn)(€) =

Hence
—r(1+&)°Fy () (&)

Tl = DO = i e e

Then we obtain

150 = Fl; = [ Boas ©FDOPEE
0
with
r2(1 4 £2)3s
hr,t,s(g) = ( < ) 2"
(r(1+€2)° + 70u(92)(9))
Since
lim hra(§) =0, and [hgs(€)] < (146
we obtain the result from the dominated convergence theorem. [
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